When the Out-of-Sample-Optimal Schur Portfolio
Lies Between HRP and Minimum Variance

Peter Cotton*

Abstract

We give analytical conditions under which the Schur portfolio with the best out-of-sample
variance lies strictly inside the bridge, the one-parameter family we introduced to unify hierar-
chical risk parity with minimum variance, and exactly provable examples on both sides. Under
stated endpoint conditions, cross-block estimation error separates the optimum from both ends,
and an exchangeable four-asset family is solved exactly, its optimizer decreasing from full cou-
pling to the middle of the bridge. The interior mechanism persists under whole-matrix noise,
with a sharp second-order sign criterion at full coupling, and in sample-covariance experiments
the median-optimal coupling climbs with sample size.
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1 Introduction

Hierarchical risk parity [1] allocates by recursive bisection without inverting a covariance matrix.
Minimum variance inverts it in full. The two are ends of a single construction: augment each
block with a ~-scaled Schur complement of its sibling and the recursion is exactly HRP at v = 0,
while recovering minimum variance as v — 1. This unification first appeared in a blog [2], then
in a textbook [3, §12.3.4], with a fuller development in [4]. It quickly found its way into practice:
skfolio, a popular Python portfolio library, ships it as SchurComplementary. The shipped variant
is exactly HRP at v = 0 and returns minimum variance at v = 1 only under additional structure,
a distinction Section 6 makes exact. On the hierarchical graph structures of [6] the 7 = 1 recovery
is exact. The endpoints have since been compared analytically: [5] derive the weight noise of HRP
and of Markowitz under covariance estimation error and prove HRP is the more robust.

The question behind the bridge is a form of the classical estimation-risk problem. [9] quantified
the sampling error of efficient portfolios; [10] named the enigma; [11] showed that imposing the
wrong constraints acts as shrinkage and helps; [12] documented how hard the 1/N portfolio is to
beat; and [13] made shrinkage of the input systematic. The Schur coupling gives that trade-off a
single parameter, and the present paper gives the parameter provable structure.

This paper asks where on the bridge one should sit when the covariance is estimated with error.
The two ends turn out to be special in different ways. The hierarchical end never reads the cross-
block, so cross-block noise cannot hurt it, and the question at that end is whether coupling has

*Microprediction. Email: peter.cotton@microprediction.com. The machine-verifiable certificates for the exact
claims are in paper/neither_end_certificate.py at github.com/microprediction/schur; implementations of the
recursion are in the allocation and precise packages.



enough population value to pay its noise cost. The minimum-variance end is flat in the population,
so any positive marginal noise sensitivity moves the optimum inside. Between the two observations
sits an exchangeable four-asset family whose expected out-of-sample variance can be computed
exactly, and there the optimum is unique, interior, and slides from full coupling toward the middle
of the bridge as the noise grows.

The restriction to cross-block noise is then dropped. With noise in every entry of the covariance
the same family still prefers the interior, under an explicit and sharp condition on the noise’s second
moments, and in Monte Carlo under the sample covariance of T Gaussian draws the median-optimal
coupling climbs from 0.62 to 0.96 over the sample sizes examined: sample size selects the seat. We
are explicit about what is not claimed. Covariance error does not always force an interior optimum,
and either endpoint can be optimal on a nontrivial interval of noise levels. Exact examples mark
those boundaries, and every exact claim about them is verified in rational arithmetic.

2 The recursion

The family. Following [4], fix an asset order and a balanced bisection tree; assume for notational
simplicity that n is a power of two, so sibling blocks have equal size (a step-up matrix enters in
the general case [4]). A hierarchical allocation assigns a node’s capital to its children (L, R) in

the ratio 1/v(-1) : 1/v(-g) for an inverse-fitness functional v, and recurses. Writing a node’s block
e
The Schur-complementary family instead passes augmented blocks built from the y-damped Schur
complement and its companion vector,

of the covariance as LB)), hierarchical risk parity passes A and D to the children unchanged.

A°(y) = A—yBD'B",  ba(y) = 1-yBD™ 1, (1)

and symmetrically for D¢(vy),bp(vy). The pair form is primary. For SPD @ with blocks A, B, D
and any b = (br;br),

o (A= BD'BT)~!'(b;, — BD 'bg)
@0 = \(D-BTAB)" (by— BTA~1b,) )

so recursive exactness follows by induction on the tree with the companion vectors carried alongside
the blocks. The canonical presentation of [4] encodes the pair in a single matrix, dividing A¢(vy)
elementwise by bb ) and evaluating the inter-group fitness on (A°(y)"1ob Ab;)_l. That encoding
requires every coordinate of by to be nonzero, which can fail on ordinary SPD input (a 4 x 4
example with b4 = (0,1)7 has leading principal minors 2,4, %,3), so we treat it as an optional
representation and work with the pair. At v = 0 every member is HRP. At v = 1 the scheme
replicates the minimum-variance portfolio; the one-step form of that equivalence is Proposition 1,

following Appendix A of [4].

Proposition 1 (v = 1 replicates minimum variance). Let ¥ = 0 have blocks A, B, D as above and
write A=A — BD 'B", by =1 — BD™'1, and symmetrically D¢,bp. Then
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For any SPD Q and b # 0, the constrained problem w(Q,b) = argmin,, 7,1 w' Qw has solution
and attained variance

1

Q08 = w(@h)TQuQb) = —— 3)
) - ) b) - bTQilb’

w(Q,b) = m,



so that Q1b = w(Q,b)/v(Q,b). Consequently the two-block scheme that allocates between blocks in
the ratio 1/v(A€,by) : 1/v(D¢ bp) and within blocks by w(A¢,ba), w(D¢, bp) reproduces w oc 11,
and recursive application to the sub-problems (each again of the form Q1b) extends this down the
tree. If a block has by = 0 then by (2) that block of X~'1 is exactly zero and the block receives
nothing; the normalized w(Q,b) is simply not formed. (For instance ¥ = (31) has by = 0 and
»11=(0,1)".)

Proof. For (2), multiply the block inversion identity

<A B>_1_<(AC)‘1 0 >< I —BD‘1>
B" D) 0 (D)) \-BTA™! I

on the right by 1; the top block is (4¢)~1(1-BD~!1) = (A°)~1b4 and the bottom block is analogous.
For (3), the Lagrangian condition is Quw = Ab, so w = AQ™'b; the constraint b'w = 1 forces
A=1/(bTQ~'b), giving the stated w(Q,b), and substituting back gives v(Q,b) = \. Rearranging,
Q™' = w(@,b) (bTQ7'b) = w(Q,b)/v(Q,b). Apply this to each block of (2): the unnormalized
block solutions are the normalized sub-portfolios scaled by exactly the inverse fitness 1/v, which is
the stated two-block scheme. O

Remark 1 (Minimum variance in disguise). The constrained problem (3) was stated for general b,
and that generality is not idle. Several portfolio problems that look different are minimum variance
with a prescribed unit exposure, minimizing w ' Qw subject to b’ w = 1, and are therefore minimum
variance in disguise: the tangency portfolio (b = p), maximum diversification (b = o, the vector
of volatilities), and the variance-optimal combination of forecasts, where @ is the covariance of
forecast errors and b = 1 [7]. Tracking error against a benchmark becomes minimum variance
in active weights, and hedging a single beta exposure takes b to be that exposure; their generic
versions carry several affine constraints at once and sit outside (3). The block identity (2) and the
damped bridge apply to each with 1 replaced by b throughout. The noise calculus of this paper is
developed for b = 1; we expect, but do not prove here, that the endpoint results carry over with
the companion vectors b(y) built from b.

The variant analyzed. Appendix A of [4] licenses an equivalent “collapse” of the pair (A€, b4)
into a single matrix A with A7'1 = A°(y)~'b4(y). The reference implementations take exactly
this route.! It is the recursion we analyze. Each child block is replaced by

A, = sym[(I —yBD)'A%(y)|, D, = (Ae D, B> B"), (4)

where sym(X) = (X + X 7); note (I — yBD™!)1 = ba(), so (4) is the collapse of (1), up to the
symmetrization. The fitness is the naive portfolio variance

Wi = S 77y
> 1/ X5

so the left child receives the fraction v(D,)/(v(Ay)+v (D)) of the node’s capital, and the recursion
continues inside each augmented block down to singletons. Nodes with a singleton child perform
no augmentation; the implementations skip the augmentation whenever either child has one asset,
so a two-asset node splits by the inverse of its already augmented diagonal entries. The variant is

()

!skfolio’s SchurComplementary and the allocation package use identical augmentation and fitness routines; see
github.com/skfolio/skfolio and github.com/microprediction/allocation.



best read as a principled top-down family, inspired by HRP, that allows the user to move “in the
direction” of an explicit global optimization in a manner we make precise. Its endpoints deserve
care at the outset. At v = 0 the augmentation (4) is the identity and the recursion is exactly HRP
over the fixed order. At v = 1 it reproduces minimum variance only under additional structure:
the exchangeable structure of Lemma 3 suffices, and Section 6.2 gives an integer counterexample.
The symmetrization is exact for a single level of coupling, because one level reads only diagonals
and quadratic forms of the augmented blocks, and both see only the symmetric part; on deeper
trees it matters, and the operative gap at v = 1 is the naive splits. Implementations optionally cap
v at an in-sample variance turning point (keep_monotonic); we analyze the raw recursion. One
thing cannot be simplified away. The inter-group fitness must be a quadratic form evaluated on the
augmented block. A diagonal-only v, as used in some HRP variants, generally does not preserve
the Schur block-inversion identity (2) that exact minimum-variance recovery requires.

Two structural facts hold across the entire family and not just the variant (4): by (1) the cross-
block B enters every member only through the products yBD~!(-), and at v = 0 the augmentation
is the identity with b4 = 1.

The noise model. Let ¥ > 0 be the population covariance and let the estimate be

S, = S+471N, (6)

where NN is a random symmetric matrix. The objects of study are the expected out-of-sample
variance and its population limit,

F(yi7) = Elw(:2) Sw(: )], Volv) = F(;0), (7)

where w(y; M) denotes the allocation the recursion produces from an input matrix M. The alloca-
tion w and the realized variance w' Yw are rational functions of (v, M), hence C* wherever their
denominators do not vanish. When N has finite support (as in all examples below) F' is itself a
rational function of ~; for general N it is merely smooth, under the assumptions we now state.

Assumption 1. There are ¥ € (0,1], 7 > 0, and a compact set K = [0,7] x M, with M a
compact neighborhood of ¥ in the symmetric matrices, such that every denominator appearing in
the recursion (the inverses in (4), the diagonal entries in (5), and the fitness sums) is bounded
away from zero on K; and N is bounded with ¥ + 17N € M for all |7| < T.

Assumption 2. N is supported on the top-level cross-block (Np = 0, Ngr = 0) and its law is
symmetric: N < _N.

Under Assumption 1, (v,7) — w(y; X 4+ 7N) is C* on [0,7] x [—7,7] for every realization,

with all derivatives bounded uniformly over realizations; F' is then C'*° by differentiation under the
expectation (the derivatives are dominated by their uniform bounds). Assumption 2 makes F' even
in 7.
Remark 2 (Model scope). The model (6)—(7) with Assumption 2 is stylized on purpose: it isolates
the cross-block channel, which is the only channel the coupling ~ touches. A natural generative
alternative is partial information about X itself, for instance > equal to the sample covariance
of T independent draws from N(0,Y), which corresponds to 7 = T-1/2 with noise supported on
every block. Under whole-matrix noise the exact invariance of Lemma 1 applies only to the cross-
block component of the noise: F'(0;7) is then itself noisy, and the endpoint comparison becomes a
comparison of noise costs rather than a comparison against a noise-free anchor. Sections 3-5 are
exact for (6) under Assumptions 1-2. Section 6 then drops Assumption 2 for the solved family and
answers the whole-matrix question directly.



3 The hierarchical end

Lemma 1 (The HRP end is blind to the cross-block). For a fized tree, w((L M) is a function of
the diagonal blocks (A, D) alone. Consequently, under Assumption 2, w(0;3;) = w(0;%) almost
surely and F(0;7) = Vp(0) exactly, for every T.

Proof. At v = 0 the augmentation (4) returns its first argument. The top-level split therefore uses
v(A) and v(D), and (5) reads only entries of A and of D. The recursion then continues inside the
unmodified blocks A and D; every quantity computed below the top level is a function of entries
of A or entries of D. The top-level cross-block B appears nowhere. (Cross-blocks interior to A or
D are read, through the naive variances of their parents; only the top-level B is never read.) The
second sentence follows because ¥, and ¥ share their diagonal blocks under Assumption 2. O

Remark 3 (Scope). The lemma concerns a fixed tree and this particular variant: the recursion reads
the naive variance of full child sub-blocks, as in [1]. A split on diagonal variances alone would read
nothing off-diagonal. When the tree itself is data-driven (a dendrogram, or Fiedler seriation [4]),
the ordering step does read the cross-block, but only through the discrete tree choice, which for a
generic estimate is locally constant; the differential statements below are unaffected for noise small
enough to leave the tree unchanged. (In Example 2 the seriation returns the same top partition on
both noise branches, so fixing the order there is without loss.)

Theorem 1 (Uniform separation from HRP under small noise). Suppose Assumption 1 holds, N
is bounded (no support or symmetry restriction needed), and V§(0) < 0, i.e. coupling has first-order
population value. Then there exist € > 0, 19 > 0, and ¢ > 0 such that

O F(v;7) < —c¢ forall0 <~y <e, 0<7 <1
Consequently every minimizer of F(-;7) over [0,7] lies in [,7], for every 7 < 7.

Proof. Write V(v; M) = w(y; M)"Sw(y; M). Under Assumption 1, 9,V exists, is continuous,
and is bounded on K, so 0,F(v;7) = E[0,V (v; X + 7N)| by differentiation under the expectation,
and (v, 7) — 0,F(v;7) is jointly continuous on [0,7] x [0, 7] by dominated convergence. Its value
at (0,0) is V5(0) < 0. By continuity there is a relatively open neighborhood of (0,0) on which

dyF < 1VJ(0) =t —c < 0; choose £, 7 so that [0,e] x [0, 7] sits inside it. For 7 < 79 and any
v € [0,¢), integrating the derivative gives F(e;7) < F(v;7) — ¢(e —~) < F(v;7), so no point of
[0,€) can be a minimizer. O

3.1 The size of the noise cost

How large is F' — Vj near the HRP end? The uniform bound is of order 472 and the exponent
is generically sharp, and it is worth displaying the mechanism, because a plausible shortcut gives
the wrong exponent. Write the estimated cross-block as B = B+ 7E for a realization E of N’s
cross-block. Expanding (4) at small ~,

A, (B) = A+~ sym(BD'A—BD™'B") + 0(~?). (8)

Averaging over the symmetric branches B=B<+ TE, the terms linear in 7 cancel, but the term
quadratic in B does not:

N A,(B£TE) — A(B) = —ym?ED'ET + O(y*r?). (9)
+



The expected augmented block is displaced at order y72, and the allocation inherits the displace-
ment unless the weight functional happens to annihilate it. In terms of derivatives of the realized
variance,

82

o
and while w, = O(7) (each appearance of B in (4) carries a factor 7), the second derivative wy is
only O(v) as well, through the quadratic term visible in (9). The first term of (10) is O(v?); the
second is generically O(y). The shortcut “w, = O(7y), therefore F — Vi = O(y*72)” bounds only
the first term and is false; Example 1 makes the failure exact.

(w'Sw) = 2w Sw, + 2w, Tw, (10)

Theorem 2 (Noise cost near the HRP end). Under Assumptions 1 and 2 there is a continuous
bounded function H on [0,7] x [0, 7] with

F(y;1)=Vo(v) = v7* H(y,7),  hence  |[F(v;7) =Vo(v)] < Cvy7? (11)
with C' = sup |H|. The exponent of v cannot be improved: in Example 1, H(0,0) = % # 0.

Proof. Let ®(v,7) = F(v;7) — Vo(7y), which is C* on the compact rectangle R = [0,7] x [T, 7]
by Assumption 1. Three exact identities hold on R: ®(0,7) = 0 for all 7 (Lemma 1); ®(v,0) =0
for all v (no noise); and ®(y, —7) = ®(~,7) (Assumption 2). Fix v and Taylor-expand in 7 with
integral remainder: since ®(v,0) = 0 and, by evenness, 0,®(v,0) = 0,

1
b(y.7) = 7 [(1=5) 0 0(y.sr)ds = 0,7,

VU is C! on R (differentiation under the integral, with the third derivatives of ® bounded on R).
Differentiating the identity ®(0,7) = 0 twice in 7 gives 92,.®(0,7) = 0 for all 7, hence ¥(0,7) = 0.
Taylor in « with integral remainder then gives

1
W(y,7) = 7 /O 0,9 (uy, 7y du =: v H(v,7),

with H continuous and bounded on R by the same uniform derivative bounds. Combining the two

displays yields (11). The sharpness claim is Example 1, where 0, (F —V)(0;7) = 1%?‘97'2 exactly. O

With C* regularity in 7 (available under Assumption 1), the same identities give the uniform
expansion

F(y;i7) = Vo(y) +72G(y) +0(rY),  G(y) = 302, F(7;0) = vh(y), (12)

with A continuous, so G(0) = 0, but in general G’(0) = h(0) # 0: G vanishes only linearly at the
HRP end. The exact boundary derivative is

0, F(0;7) = V§(0) + 72 H(0,7). (13)

Remark 4 (When is the stronger 4272 bound valid?). The bound |F — Vp| < Cy272 is recoverable
under one additional, substantive hypothesis: that the first coupling variation is unbiased under
the noise, i.e. 9yF(0;7) = V{(0) for all small 7. Then both the value and the first y-derivative of
F — Vp vanish at v = 0 and a third application of the Taylor argument yields F' — Vy = 7272ET .
The recursion does not satisfy this generically, because

E[(B+TNp) D Y(B+1Np)'] = BD™'BT + r?E[NgD ' Nj],



and that quadratic bias enters (4) multiplied by a single power of «. Both noise models on the
solved family’s covariance (16) happen to possess a further downstream cancellation (Remark 10):
the common cross-correlation noise of Section 5 and the one-entry noise of Example 2. Numerical
evidence from them alone can therefore suggest, wrongly, that the quadratic bound is general.
Example 1 has no such cancellation.

Example 1 (HRP locally optimal at a finite noise level). Let n = 4 with

1 -1 ~
A=D= (_5 22>, B:%llT, E =eje], B=B4+7E w.p. % each,

and ¥ = (g E), which is SPD (both A+ B and A — B are positive definite). Then, exactly and for
every T,

1 8
F0;7) = —— 4+ — 72 14
0y F(0;7) 00 T 1s9 " (14)
In particular V§(0) = —ﬁ < 0, so the premise of Theorem 1 holds, yet 0,F(0;7) > 0 as soon

as 72 > %, i.e. T > /27/800 =~ 0.1837: the HRP endpoint is then a one- sz’ded local minimum.
In addition F(v;7) — Vo(7) = 155772 + O(7%), so no bound of the form C~+*7% can hold on any
neighborhood of v = 0.

Proof. The computation is elementary and worth walking through. Step 1 (symmetry). Since
A = D and each realized B is symmetric, the two augmented blocks in (4) coincide, so the top-level
split is % : 1 for every 7, 7, and branch, and w = ;(u u) where u are the inverse-diagonal weights
(5) of the common augmented block A, (B B). Step 2 (objective). With the true X,

V=wSw=1uAdu+2u"Bu+u"Au) = LuT(A+ B)u

Step 3 (first-order augmentation). By (8) with D = A and B symmetric, A (A) A+~H(B) +
O(~2) with H(B) = B — BA™!B; the symmetrization does not alter this since H(B) is symmetric.
Step 4 (weight derivative). The weights (5) depend only on the diagonal. With diag(A) = (1,2),
u(O) = (2 l), and differentiating u(’y) = (A22 + vHao, A + ’)/HH)/(?) + ’)/(HH + HQQ)) at vy=0

373
gives
Hoy —2H11 [ 1
/ —
u'(0) = —5 <_1> .

Step 5 (variance derivative). With M = A + B one computes M(1,-1)" = (3,-3)7 and
w0)TM(1,-1)T=2.2 1.5 -1 4
Mo — 2Hy

54 '

Step 6 (average over branches). H is quadratic in B, so averaging is exact:

%Z HB+7E) = B—BA'B-r?FEA'E.

0,V g = u(0) Mu'(0) =

With A1 = 1(§%) one gets BA™'B = 2117 and EA™'E = $eje], so the averaged H has
8

Hy = %0 — %75 — 772 and Hop = 110 — 175 Substltutmg into Step 5
Hyy — 2Hyy + 1872 1 8
O F(0:7) — _ 350 7 - _ - 4 ° 2
HE(057) 54 54 700 189 "

Since F' is smooth in v near 0 (denominators reduce to those of A at v = 0), the exchange of
expectation and derivative is justified by the finite support of the noise. The certificate script
confirms (14) in exact rational arithmetic, by dual-number (first-order jet) evaluation of the full

recursion, at 7 € {0, 15, =, £, & }: for instance 0, F(0; 35) = — 55 and 0, F(0; £) = +52. O



4 The minimum-variance end

Suppose the bridge under study reaches minimum variance exactly at v = 1: writing w, =
»~11/(17%711), suppose w(1; ¥) = w, while 1Tw(vy; %) = 1 for all 4. This holds for the canonical
member of the family (Proposition 1) and, in the solved family of Section 5, for the implemented
variant as well; it is not automatic for the implemented variant in general.

Lemma 2 (Flatness at an exact minimum-variance endpoint). Under the above, assume also that
v = w(y; X) is twice differentiable in a neighborhood of v = 1; the recursion is rational in 7y, so
this holds wherever its denominators are nonzero. Then

) =0, V) = 20,0) Zw,1) > o0,

where wy (1) = 0yw(y; X)|y=1; the second derivative is strictly positive whenever the bridge arrives
with a nonzero tangent, w~(1) # 0.

Proof. Since Yw, = A1 with A = 1/(1TX711), differentiating Vo(y) = w(y) 'S w(y) at v = 1 gives
Vi(1) = 2w, (1) "Sw, = 2Aw,(1)T1 = 0, because 1Tw(y) = 1 implies 17w, = 0. Differentiating
once more, V{'(1) = 2w, (1) " Sw, (1) + 2w, (1) T Sw,, and the second term vanishes for the same
reason (17 w,, = 0). O

Theorem 3 (Small noise moves the optimum inside). Assume the setting of Lemma 2 with V(1) >
0; assume F(y;T) is smooth in T and even in T, uniformly for v near 1, as holds under Assumption 1
together with any sign-symmetric noise law, so that (12) holds in C? with G = %5317\7:0; and
assume G'(1) > 0. Then there are 71 > 0 and a C* curve v*(7), defined for 0 < 7 < 1, of local
minimizers of F(-;7) with

G'(1)

— 72 74 T .
Vi) +0(") <1 (r>0) (15)

7(r) =1

If moreover F(-;1) — Vy uniformly on [0,7] as 7 — 0, as follows from (11) under Assumptions 1
and 2, and v = 1 is the unique global minimizer of Vo on [0,7], then for all sufficiently small T the
curve gives the unique global minimizer of F(-;7). The sign condition is essential: if G'(1) < 0,
full coupling remains locally optimal for small noise.

Proof. Let g(v,s) = 0,F (v;+/s) for s = 72 > 0. This is C' through s = 0: F is smooth and even
in 7 by hypothesis, and a smooth even function of 7 is a smooth function of 72 (Whitney), so the
regularity does not rest on the O(s?) notation alone. By (12) in C2, g(v, s) = VJ(7)+s G’ (7)+0O(s?)
with the error uniform in v near 1. By Lemma 2, ¢(1,0) = V(1) = 0 and 9,¢(1,0) = V§'(1) > 0.
The implicit function theorem gives a C! curve v*(s) with g(v*(s), s) = 0, v*(0) = 1, and

dy* _ 0s9(1,0) G'(1)

59(1
hull LAk e A ¥ 0
ds ls=0 8,9(1,0) v <

which is (15). Since d,g > 0 near (1,0), each v*(s) is a strict local minimizer. For global optimality:
F(-;7) — Vy uniformly on [0,7] as 7 — 0 (by (11) or directly by uniform continuity), so if v =1
is the unique global minimizer of Vj, minimizers of F' must enter any prescribed neighborhood of 1
for small 7 (outside such a neighborhood Vj exceeds V(1) by a positive margin, by compactness),
where strict convexity of F' in « (from d,¢ > 0) makes v*(s) the only candidate. If G'(1) < 0 the
same computation gives dy*/ds > 0: the unconstrained stationary point exits the interval at v =1
and full coupling is locally optimal. O



5 An exactly solved family

Fix the four-asset covariance

1 1L 3 3
1783
=133 5 5| (16)
53 4 2
i.e. blocks {1,2} and {3,4} with unit and double volatilities, within-block correlation 3, and cross-
block correlation p. = %. Let the noise perturb the cross-block correlation in common: all four

cross entries move together, p. — p. = 7 with probability % each. At the level of the two blocks’
equal-weight portfolios, the population variances and cross covariance are

a:%, d=3, c:%, S::a—l—d:%, K::S—2c:%,

and the estimated group-level cross covariance is Z = c+e with e = 27 (the blocks have volatilities
1 and 2).

Lemma 3 (Exact reduction to a scalar bridge). Assume a < d and 4c® < ad, as in (16), and fix
v € [0,1] and a realized z = ¢ £ e with 0 < z < 2c. The augmentation (4) of the D block requires
the factor I — yBT A™1 to be invertible, and that holds precisely when vz # a; the A-side factor
I —~BD™! is invertible for every such (v, z), since vz < 2¢ < d. Wherever the recursion is defined,

its within-block weights are exactly (%, %) in each block, the augmented fitnesses are
ad — 2> ad — 2>
= - - ]'
VAV(Z) d—’}/Z ) VD“/(Z) a—nz ) ( 7)
and the left-block weight is
d—~yz
S A 18
2y(2) a+d—2vz’ (18)

with realized out-of-sample variance Q(x~(z)), where Q(z) = az? + d(1 — x)? + 2cx(1 — z). The
formula (18) is a rational function of (v, z) whose denominator obeys S — 2vz > S —4c > 0. It
therefore extends the recursion’s group weight continuously through the point vz = a, where the
extension gives the D block the weight 1 — x,(2) = (a —v2)/(S — 2yz) = 0. This is the analog of
the b = 0 convention in Proposition 1: a block whose augmented fitness diverges receives nothing.
We call the allocation defined by (18) on all of [0, 1] the extended allocation and write Fexy for its
expected out-of-sample variance. For the numerical family (16) the ordering ¢ = % < % = a holds, so
the lower branch has z = ¢ —e < a throughout and never meets vz = a; the sole possible singularity
is on the upper branch, at v = a/(c+ e), and it lies in [0,1] precisely when e > a —c = 2. In
addition, for (16) every other denominator the recursion divides by (the augmented diagonal entries
and the fitness sum) is nonzero on the admissible range, so vz = a is the only point at which the
recursion is undefined. Without ¢ < a both branches can be singular; a =1, d =6, ¢ = % satisfies
a<d, 4c® < ad, and S > 6¢, yet at e = 2% both v = % (lower branch) and v = g—g (upper branch)
are singular.

1 .
Proof. Write the asset-level blocks as Ay = <1 i), Dy = (42),and B = 211" (each cross entry

equals 1-2- (p. £ 7) = 2z). All three matrices ;re exchangeable (invariant under swapping the two
assets of a block), and the augmentation (4) preserves exchangeability, so each augmented block has
equal diagonal entries and (5) gives (3, 3) within blocks. Invertibility first. Since A; "1 =1/(2a),
the D-side factor is I —yBT Ayt =1 — yﬁll—r, whose eigenvalues are 1 (on the difference vector)



and 1 — vz/a (on 1); it is singular precisely when vz = a. The A-side factor I — 'yﬁll—r has
eigenvalue 1 — yz/d > 0, because vz < 2¢ < d; here 2¢ < d follows from 4c®> < ad < d?. The
common numerator in (17) also never vanishes: ad — v2%2 > ad — 4¢*> > 0. The matrix factors
are not the only denominators. The recursion also divides by the augmented diagonal entries and
by the fitness sum, and exchangeability settles both. The difference vector v = (1, —1)T satisfies
117v =0, so Bv = BTv = 0: the Schur correction in (4) annihilates v and the collapse factor fixes
v, hence each augmented block keeps its population difference eigenvalue, % for the A block (1 — %)
and 2 for the D block (4 —2). An exchangeable 2 x 2 matrix has both diagonal entries equal to the
average of its two eigenvalues, and its 1 eigenvalue is twice its fitness, so
a(d+1) —~vz(z+1)

(Ay)i = VAW(Z)—"_%’ (Dy)ii = ’/Dv(z)+1 - a—z '

The first is positive outright, since v4,(z) > 0 by (17). The second has numerator at least a(d +

1) —2c(2c+1) =3 -5 = 2 > 0 for (16), so it can vanish nowhere and blows up only through

the factor a — vz already identified. Finally

(ad — 72%) (S — 2v2)
(d =7z)(a —72)

VA»Y(Z) + VDW(Z> = )

whose numerator is positive on the admissible range; so for (16) the point vz = a is the recursion’s
only hole. For (17): since Dy is exchangeable with row sums 2d, Dy '1 = 1/(2d), so BD; ' = £117
and BD;'BT = %IIT (using 117117 =211"). The matrix r = I — yZ11" satisfies 17771 =
(1 —’yz/d)_ll—r (Sherman-Morrison), and sym does not change 17 (-)1. With within weights (3, 1),

141 —~%5 4 a—~22)d  ad— 722

the fitness is v, = %1TA71 = % 12_ 72,;5 =7 —’Zyz//d = - :YYZ , using 17 Ap1 = 4aq;
the D-side is symmetric. For (18): the inter-group ratio is 1/v4, : 1/vp , the common factor
ad — vz? cancels, and z,(z) = (d — vz)/((d — v2) + (a — v2)). The final sentence is the definition
of () at the group level. Each identity is also verified exactly by the certificate script at a grid
of rational (v, z) away from the singular point; at the singular point the script verifies that the
recursion is undefined (a division by an exact zero) and that the recursion’s weight approaches (18)
on both sides. O

Proposition 2 (Exact objective). Let z, = x1(c) = (d—c)/K be the population minimum-variance
group weight. Then Q(x) = Q(z.) + K (x — x.)? (evact square completion),

_ ([d=a)(yz2—-¢
(e = e = e e (19)
and therefore, with r(u) = ((u—¢)/(S — 2u))2,
—a)?
Foxt(y;€) = Q(zy) + (dK); Z r(y(c+ oe)). (20)
o==%1

This is the exact expected out-of-sample variance of the extended allocation; no Taylor surrogate
is involved. It agrees with the objective of the raw recursion at every (v,e) where the recursion
is defined; by Lemma 3, for the numerical family (16) that is everywhere except the single point
v =a/(c+e) when e > a— c. In particular

9 (4472 — 200y + 275)
5(8y — 25)2 ’

150072 (16 + 1)

Vo(v) = G(v) = & -2

(21)
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where G is the coefficient of €2 in the small-noise expansion of Fe(7;e€); in the T parametrization
of (12), with e = 27, the coefficient of 72 is 4G. For e < a — c there is no singular point and Fuy
s the raw objective outright.

Proof. @Q is a quadratic in z with leading coefficient a + d — 2¢ = K and vertex at z. (set Q'(z) =
2ax — 2d(1 — z) + 2¢(1 — 2x) = 2Kz — 2(d — ¢)), giving the square completion. For (19), put both
terms of z(z) — z, over the common denominator (S — 2vyz)K: the numerator is (d — vz)K —
(d—c)(S—2vz) = (yz2—¢)(2d — S) = (d — a)(vz — ¢), expanding and using K = S — 2¢. Then
Q(4(2)) — Q(z4) = K(z4(2) — 24)? = % r(vz), and averaging over z = ¢ %+ e gives (20). The
closed forms (21) follow by substituting the family’s numbers into (20). The certificate script verifies
Vo exactly at a grid of rational y; G follows from (20) by the expansion in e2. O

Theorem 4 (Exact interior optimum, monotone in the noise). Assume a < d, ¢ > 0, 4¢®> < ad,
and S > 6¢ (all satisfied by (16): 4c®> = 38 < § =ad and S =1} > 1 = 6¢). Then for every noise
amplitude 0 < e < ¢, with Feyy the extended objective of Lemma 3:

(i) Fext(-;e) is strictly convex on [0,1];

(ii) it has a unique minimizer v*(e) € (3,1) for 0 < e < ¢, with the boundary values v*(0) = 1
and 1°(¢) = 3;
(iii) ~* is strictly decreasing in e;

(iv) the minimizer solves the exact first-order condition

3 (c+oe) [v(c+ oe) — ]

= 0, (22)
o==%x1 [S - 2’7(C+ 06)]3
and for small e,
N S+4c o 4 1025 , 4
=1- - =1-— 2
v*(e) 02(S_26>e + O(e”) 153e+0(e) (23)

for the numbers of (16);

(v) for the numbers of (16) the minimizer lies strictly inside the regular region: whenever the

singular point v = a/(c+ e) of Lemma 3 lies in [0,1], that is fore > a —c = %,
a
*
< .
7 (e) cte

Consequently the raw recursion is defined on a neighborhood of v*(e) and coincides there
with Fext, so (i)—(iv) describe the optimizer of the implemented recursion and not only of the
extension.

Consequently every coupling in [%, 1] is optimal at exactly one noise amplitude e € [0,c|. In the
noise parametrization of the paper, e = 27, so the theorem covers 0 < 7 < %.

Proof. Throughout, drop the positive constant (d — a)?/K and study F(vy;e) = i[r(v(c +e)) +
r(y(c —e))] with r(u) = (u — ¢)?/(S — 2u)?, defined for u < S/2; note vz < 2¢ < S/2 on the
admissible range, since z < ¢+ e < 2c and S > 6¢ > 4¢. By (20), F is F up to a positive affine
map, and it is smooth on all of [0, 1] X [0, ¢]; the point vz = a, where the raw recursion is undefined,
is unremarkable for F.

11



Derivatives of r. Direct differentiation gives

;o 2K (u—c) v« 2K (S —6c+4u)
= woar "W T T gy

(For 7": the quotient rule gives numerator 2(u — ¢)(S — 2u) + 4(u — ¢)? = 2(u — ¢)(S — 2¢); for 7",
differentiate 7' and simplify the numerator to 2K[(S — 2u) + 6(u — ¢)].)

(i) Convezity. 82, F(vy;e) = 23, 221" (v24) With 2, = c4+0e > 0. Since S > 6c and u = vz, >
0, the numerator S — 6¢ + 4u is strictly positive, and (S — 2u)* > 0, so " > 0 wherever z, > 0;
at e = c the lower branch has z_ = 0 and contributes nothing, while the upper branch still gives
strict positivity. Hence F is strictly convex in 7 on [0, 1].

Endpoint signs. At v =0: 0,F(0;€) = 33, 2,7'(0) =1'(0) c = —2K¢?/S? < 0, independently
of e. At v = 1: define ¢(2) = 21'(2) = 2Kz(z — ) /(5 — 22)3, s0 9, F(1;¢) = 3[(c+e) +¥(c—e)).
One computes

4K [S(S — 6¢) + 42 (25 — 3c) + 422 ]
(S —22)°

P'(z) = >0 (0 < z<20),

since every bracketed term is positive under S > 6¢ and S — 2z > S — 4¢ > 0. Thus ¥ is strictly
convex on [0, 2¢], and since (c) = 0, strict midpoint convexity gives 3[¢)(c+e)+1b(c—e)] > ¥ (c) = 0
for 0 < e < ¢. So the ~v-derivative is strictly negative at v = 0 and strictly positive at v = 1.

(ii) Unique interior minimizer. Strict convexity plus the endpoint signs give a unique root
v*(e) € (0,1) of 8,F = 0, which is the unique minimizer, and (22) is 9,F = 0 written out. At
e = c¢ the lower branch has z_ = 0, so (22) reduces to 7’(2¢y) = 0, whose unique solution is
2cy = ¢, L.e. v*(c) = 1; and v*(e) > 3 for e < ¢ follows from (iii). At e = 0 both branches coincide,
O0,F o r'(vye) ¢, whose root is 4 = 1; this is the noise-free optimum, consistent with V(1) = 0
(Lemma 2 applies: the reduction reaches the group-level minimum variance at v = 1 exactly).

(iii) Monotonicity. For fixed v > 0 write ¢, (2) = z1/(72), so that 9, F(v;e) = L[, (c+e) +
ty(c —e)] and

0.0, F(vie) = 3lvf(c+e) —i(c—e)].

The identity 1, (2) = ¥(v2)/v gives ¥J(2) = 79" (72z) > 0 on the admissible range, so ¢/, is strictly
increasing, ¢/ (c+e) > ¢! (c—e), and the mixed partial is strictly positive. By the implicit function
theorem on (22), dv*/de = — 866715/&2/715 < 0.

(iv) Expansion. Insert v = 1—4 into (22) and expand to first order in 6 and e?. The e-expansion

&14@ + O(e*) (expand each branch of (22) in e; odd terms cancel), while

of the sum at v = 1is =
the d-derivative at e = 0 is — 2c¢?/ K3 + O(, €2). Setting the sum of the two contributions to zero
gives § = €2(S + 4c)/(*K) + O(e"), which is (23); the coefficient evaluates to 3222 for (16).

(v) The singular point lies uphill. Let v, = a/(c+e) < 1 and write z+ = c=*e, so that V.24 = a
and 7z = az_/z;. By strict convexity it suffices to show 0, F(ve;e) > 0. Substituting into
OyF = 13, 257" (72) and clearing the inner fractions,
= zy (a—c) z_(az_ —czq) 22
KE(veie) = K (S —2a)3 * (Szy —2az_)3

Both denominators are positive: S — 2a = % for (16), and Sz — 2az— > 24 (S — 2a) > 0 since
z_ < zy. Multiplying by the positive quantity (S — 2a)3(Szy — 2az_)3/K preserves the sign and
produces the polynomial

Ple) = zi(a—c)(Szy —2az-)* + z_(az_ —cz4) 22 (S — 2a)?,

12



which for the numbers of (16) expands to

PO - R S+ e
Every coefficient is nonnegative and the constant term is positive, so P(e) > 0 for every e > 0, and
in particular on [, 2]. Hence 0,F(ve;€) > 0, and by strict convexity v*(e) < .. The expansion
of P and the sign agreement with the first-order condition are verified in exact rational arithmetic
by the certificate script.
The final sentence of the theorem follows from (ii)-(iii): 7* : [0,c] — [3,1] is a continuous
strictly decreasing bijection. O

Corollary 1 (The surrogate frontier spans the whole bridge in this family). For the family (16),
the closed forms (21) satisfy Vg <0, Vi’ >0, G' >0, G” >0 on (0,1), and

W) 91 —1)(25—8y)?
G'(7) 257 (6472 + 608y + 25)

decreases strictly from +oo (at v | 0) to 0 (at v 1 1). Theorem 6 below is applied here with e
as the noise coordinate, s = e?; in the T parametrization the coefficient is 4G and t is divided by
four, which changes neither endpoint limit. In its language, to = oo and t1 = 0: for this family,
and only because of these endpoint limits, the surrogate optimizer sweeps the entire open bridge
and neither endpoint is surrogate-optimal at any positive finite noise level. The surrogate optimizer
is not the exact optimizer at finite noise. At e = c the exact minimizer is % (Theorem /), while
t(%) = % £ 2 = 29—5 and the surrogate optimizer sits near 0.537. The two have the same small-
noise expansion through order e?: each is 1—% e2+0(e), by (23) for the exact optimizer, and for
the surrogate because t(7y) = ‘é)l,/i((ll))(l —7)+O0((1=%)?) with G'(1)/V{'(1) = Y25 verified exactly by
the certificate script. Their proven ranges differ: the surrogate sweeps the entire open bridge (0, 1),
while the exact optimizer is proved to sweep [%, 1] over the admissible range 0 < e < ¢, and nothing

1s claimed about it beyond e = c.

Remark 5. Theorem 4 reproduces, exactly, the numerical optimizer sweep previously obtained by
brute force on this family: with e = 27, the exact minimizers at = = 0.10,0.15,0.20,0.25,0.30
are v* = 0.8308, 0.7237, 0.6339, 0.5603, 0.5000, the last being exact. The value 7 = 0.35 falls
outside the range e < ¢ covered by the theorem (one noise branch then has negative estimated cross
covariance); it could be handled by direct polynomial certification but we do not pursue it. The
range e < c is also not the boundary of positive definiteness, which at the group level extends to
e <Vad—c= 1% for (16). On the extended objective the minimizer keeps falling past the theorem’s
range, to approximately 0.450, 0.408, and 0.376 at e = 0.7, 0.8, and 0.89. We claim nothing there.

6 Whole-matrix noise

The model of Section 2 puts noise on the cross-block alone, and a fair objection runs: if the only noisy
channel is the one the coupling controls, an interior optimum is unsurprising. Theorem 1 already
resists the objection at one end, since it needs no support restriction and it excludes the endpoint
that cross-block noise favors. The interiority results, however, were proved under Assumption 2. In
this section we remove the restriction for the family of Section 5 and place noise in every entry of the
covariance. We do this in three models of increasing generality. The first is an exchangeable model
solved by the same reduction, with a sharp second-order criterion for interiority at the full-coupling
end. The second noises all ten distinct entries independently and is settled by exact enumeration.
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The third is the sample covariance of 7" Gaussian draws, the estimation model in which [5] prove
hierarchical risk parity more robust than Markowitz.
The exchangeable model. Perturb every block by a rank-one exchangeable displacement,

A=Ay +71a11", D=Dy+75117, B=(c+7()117, (24)

where (a, 0,() is a bounded random vector, jointly sign-symmetric: (a,d,() 4 —(,4,¢). Every
entry of S is now noisy. The group-level quantities become a = a + Ta, d=d+ 76, 2 = ¢+ 7C,
and the anchor of Lemma 1 is lost: F(0;7) is itself noisy, and the endpoint comparison becomes a
comparison of noise costs.

Lemma 4 (Exact objective under whole-matrix noise). The perturbations (24) preserve the ex-
changeability of each block, so Lemma 3 applies verbatim with (a d, 2) in place of (a,d, z)' within-
block weights are ezactly (%,1), and the group weight is x-, = (d—~2)/(S — 2v2) with S = 4+ d.
Wherever the recursion is defined, the expected out-of-sample variance of the extended allocation is,
exactly,

5 _ c T 2
Foxi(v;7) = Q(ax) + %E [(d_?ﬁ(v—zhg;r !

, h:=(a—c)d—(d—c)a. (25)

For 0 < ¢ < a there is T > 0 such that for |T| < T every denominator the recursion divides by is
bounded away from zero uniformly on [0,1] and on every realization, so the recursion is defined on
all of [0,1] and coincides with Feyy.

Proof. The displacements 117 commute with the swap of a block’s two assets, so each perturbed
block is exchangeable and B retains the form z117. The proof of Lemma 3 therefore goes through
with constants (&,cz, 2). Within-block weights (2, 2) are the population-optimal within weights,
so the realized variance is Q(z.) with the population @, and Q(z) — Q(z.) = K(z — x4)? as in
Proposition 2. For the displacement, the numerator identity behind (19) is linear in its inputs:
with d = d+76, S = S+ 7(a + ),

K(d—72) = (d—c)(S—272) = (d—a)(v2 —¢) + T[KS - (d - ¢)(a +9)],

and K — (d—c¢) = a—c gives the bracket as 7h. Squaring and multiplying by K yields (25). For the
final claim, note that at 7 = 0 every denominator is a continuous function of + that is nonzero on
[0,1]. In particular the factors d —ye > d—¢, a—~vyc > a—c, ad —~yc®> > ad —c*, and S —2y¢ > K
are positive, and the augmented diagonal numerators are handled as in Lemma 3. By compactness
of [0,1] and boundedness of («,d, (), all of them stay uniformly positive for all sufficiently small
|7]. O

Theorem 5 (Interior optimum under whole-matrix noise). Assume a < d, 0 < ¢ < a, 4¢® < ad,
and S > 6¢, as in (16). Let u:= (d — a){ + h and define

Z = (d—a) K E[Cu] + 2¢E[u?] — 2(d —a)cEu(a+ 6 —2¢)]. (26)
Then Fo(v;7) = Vo(v) + 72Gw (7) + O(1%) in C? uniformly on [0,1], with

2= 2 (d — a)?c?
Gw(1) = T Vo'(1) = — 53 7 0,

and:
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(i) if 2 > 0, then for all sufficiently small T > 0 the objective has a unique global minimizer v*(7)
on [0,1], it is interior, and

[1]

1=7%(1) = A= a2K ™+ O(r); (27)

(i) if E < 0, full coupling is locally optimal for all sufficiently small T;

(iii) cross-only noise (a = 6 = 0) gives = = (d — a)?(S + 4c) E[¢?]; under the two-point noise of
Section 5, ¢ = £2 so E[(?] = 4, and (27) reduces exactly to (23);

(iv) for pairwise-uncorrelated channels,
E = (d—a)*(S+4c¢)E[¢?] + 2¢(d—c)(2d—a—c)E[a?] + 2¢(a—c)(2a —c—d)E[6?]. (28)

The first two coefficients are positive under the standing hypotheses; the third is negative
precisely when 2a < ¢+ d.

Proof. By Lemma 4, for small 7 the objective is the expectation of a rational function of (v, )
whose denominators are uniformly bounded away from zero, so it is C* on [0, 1] x [-7, 7], and sign

symmetry of (,d, () makes it even in 7. The expansion is then the Taylor expansion in 72, valid
in C? uniformly. Write the integrand of (25) as (ug + Tu1)?/(Dg + 7D1)? with
uoz(dfa)c(fy—l), ul:(dia)’yc+ha DOZS*2707 D1:a+5*27<
Expanding and discarding odd powers (which vanish in expectation),
1 |Eu2]  4ugEuiDy]  3u2E[D?
G = — - . 29

At vy =1: up =0, up = (d—a)e, u1 = u, Oyu1 = (d—a)¢, Do = K, Djy = —2¢, and Dy = o+ —2¢,
)

, 1 |2(d—a)E[Cu] 4cE[u?] 4(d — a)cE[uD] 2E
Cwll) =% Kz K3 K® KT

The noise-free part is Vo(7) — Q(z4) = (d—a)?c?(y—1)? /(K D?), giving V{' (1) = 2(d—a)?c?/ K3 and
Vi(0) = 2¢2(d — a)?(2c — S) /(K S?) < 0. Under S > 6¢, Vj is strictly convex on [0, 1] (Theorem 4(i)
at e = 0), so v = 1 is its unique global minimizer. Theorem 3 applies with G = Gw. If Gj;,(1) > 0
there is a C! curve of local minimizers with 1 — v*(7) = (G};,(1)/Vy'(1))7% + O(r*), which is
(27), and it is the unique global minimizer for small 7 by the uniform convergence Foy — Vp. If
Gy (1) < 0 full coupling is locally optimal. Since V{j(0) < 0 and the noise is bounded with no support
restriction, Theorem 1 applies and keeps every minimizer uniformly separated from ~ = 0, so the
global minimizer in case (i) is interior. For (iii) and (iv), substitute u = (d—a)(+ (a—c¢)d — (d— )«
into (26) and drop the vanishing cross moments. The identity (25) is checked exactly at a grid of
rational points by the certificate script, which also certifies F'(§) < min(F'(0), F'(1)) at the coupling
4 that (27) predicts. For positivity in (iv), note 2d —a—c¢>d—c >0 and a > c. O

Remark 6 (The numerical family under whole-matrix noise). For the numbers of (16), (28) reads

2 = PBE[C?] + TZE[e?] — $8E[6].

Three consequences follow. First, with equal unit second moments on three pairwise-uncorrelated

channels, the shift coefficient in (27) is 2/((d — a)?c?K) = 238 ~ 9.50, against 1220 ~ 6.70 for
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cross-only noise (23). In this equal-amplitude comparison the diagonal channels add a net inward
push, the positive a-channel term dominating the negative d-channel term. The exact recursion
confirms the coefficient: at 7 = 1(1)—0 the exact minimizer over an exhaustive fine grid agrees with

— 1308172 to five decimal places. For 7 € {2, 35}, the inequality F(%) < min (F(0), F(1)) holds

as an exact rational inequality at 4 =1 — 113307871 72. Second, the condition is sharp. Noise confined
to the d channel has E = —% E[6?] < 0, and the certificate script verifies exactly, at amplitudes

T|d| € {%, %}, that F'(1) is strictly below F(v) at every grid point v = k£/50 < 1. The support of
the noise does not decide the question. The sign of (26) does, and at = = 0 the second order is

silent: a fourth-order criterion would be needed, and we do not pursue it. Third, at the hierarchical
end (29) gives

1 |E[h?]  de(d—a)E[h(a+6)]  3c2(d—a)?E[(a+6)?]
K| sz *F E " g1 ’

Gw(0) =

which involves no ( moments. The cross channel is invisible at v = 0, as in Lemma 1, but the
diagonal channels now charge HRP a noise cost of its own: for the family it is w >0
under uncorrelated channels. Interiority therefore wins a comparison between two noise costs, with
no noise-free anchor left to lean on.

6.1 Entrywise noise, by exact enumeration

Independent noise entry by entry breaks exchangeability, and no scalar reduction is available. With
two-point noise, however, the objective is a finite average of exact rationals, so interiority is still
certifiable. We perturb each correlation and variance independently,

~

Yij = 0105 (pij +Tei) (1 # J), iu‘ = af (1+7ei),

with independent signs ¢ = £1, and run the recursion through every sign state (2° = 64 states for
the six off-diagonal entries; 2'0 = 1024 when the four variances are noised as well). The certificate
script verifies the following as exact rational inequalities, with every state defined at each coupling
evaluated:

FO)-F(F)  FO)-F®)

~ 3.57 x 1072 ~ 8.28
~4.62x 1072 ~ 897 x 1072

noised entries

six off-diagonal
all ten

cl=sk | =

-
3
20
L
10

The noise levels are chosen so that every enumerated matrix is a genuine covariance: all 64 off-
diagonal states at 7 = 2—30 and all 1024 states at 7 = % are positive definite (smallest eigenvalues
~ 0.078 and =~ 0.148), certified exactly through leading principal minors. At 7 = % two of the 64
off-diagonal states leave the cone, so we do not certify there. The large second margin in the first
row is itself informative: it comes from near-poles of the implemented recursion at full coupling
even though every input is a valid covariance. One more step is needed before concluding, because
F need not be continuous on all of [0, 1]: an individual sign state can have an interior fitness-sum
zero, where its loss has a second-order pole. The repair is a lower bound. Every weight vector the
recursion produces sums to one, so its realized variance is at least 1/(17X7'1) > 0. Each state’s
loss is a nonnegative rational function of vy with finitely many exceptional points. Extend it at
each exceptional point by its finite limit when the singularity is removable and by 400 otherwise.
The extension is lower semicontinuous, so the finite average is lower semicontinuous and attains its
minimum on [0, 1], and the certified inequalities exclude both endpoints: every minimizer is strictly
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interior in both models. At larger noise the full-coupling end degrades by orders of magnitude.
At T = 23—0 with all ten entries noised, 56 of the 1024 branches are exactly singular at v = 1 (the
collapse factor vanishes there, with finite one-sided limits), and, even discarding those branches,
the mean loss over the 968 nonsingular branches is ~ 75, against F (%) ~ 0.77. The comparison

against HRP, F(0) — F(12) ~ 2.66 x 10~2 > 0, remains a clean exact certificate.

6.2 The sample covariance

Finally we take the model of Remark 2 literally. Let S = + Sz with 2, ~ N(0,%) iid.,

and write L7 () = w(y; S7) TS w(v; S7) for the random realized loss, so that the objective of (7)
is Fr(y) = E[Lp(y)]. This puts Wishart noise in every entry, and it is the estimation model in
which [5] derive the weight noise of HRP and of Markowitz and prove HRP the more robust.

Two objects must be kept apart here. A sample covariance is not exchangeable, and on non-
exchangeable input the implemented recursion at v = 1 is not the sample minimum-variance port-
folio: the naive within-block splits break the exact recovery of Proposition 1 (the symmetrization
is exact at a single level of coupling, and n = 4 has only one), which is why Section 4 assumed that
recovery rather than derived it. The gap is exact. For the SPD matrix

8§ -7 1 -6
-7 10 -1 7
1 -1 2 1
-6 7 1 11

M =

(leading principal minors 8, 31, 58, 230), the implemented recursion gives w(1; M) = ﬁ (1330, 1197,952,204),

while M (1,1,1,0)" = 2 -1 gives wyv(M) = (%, %, %, 0): the two disagree in every entry, exactly
(certificate script). Both maps are rational in the entries wherever the recursion is regular. After
clearing the recursion denominators, at least one coordinate of w(1;-) — wyv(+) has a polynomial
numerator that is nonzero at the displayed matrix, so that numerator is not the zero polynomial
and its zero set has Lebesgue measure zero: exact agreement has measure zero under any abso-
lutely continuous sampling model. On the exchangeable family the two coincide identically. In
this subsection v = 1 therefore means full coupling of the implemented recursion, and the sample
minimum-variance portfolio wyy (1) enters as a separate benchmark.

The sample mean of the raw loss is empirically unstable, and the following criterion explains a

mechanism that would make Frp infinite.

Proposition 3 (Pole criterion). Let L > 0 and D be random variables on one probability space,
and suppose there are constants g, co,ng > 0 with L > ng/D? on the event {|D| < o} and
Pr[|D| <e] > coe for alle <eg. Then E[L] = co.

Proof. By the layer-cake formula,

E(L1{|D| <e Z/OOPrn D2>5,D§5 dsZ/Oo cor/ng/sds = oo. O
[L1{|D| < eo}] ; [no/ |D| < eo] 04\/no/

’no/Eg

For the implemented recursion the relevant D is the fitness sum v(A,) + v(D), which the
top-level split divides by. It can cross zero at small T' because a sampled augmented block can be
indefinite, and the split v(D,)/(v(Ay) + v(D,)) then has a simple pole, so Ly has a second-order
one. This is a different singularity from the collapse-factor zero vz = a of Lemma 3, which is
removable for the loss: there the divergent-fitness block receives weight zero in the limit. Monte
Carlo supports both hypotheses of the proposition at the full-coupling end: at T' = 15, v = 1
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the frequency Pr[|D| < ¢]/e is stable near 0.06 across € € [3 x 10743 x 1072], and on the blow-
up draws the product LyD? concentrates near 1. Consistently, the sample mean of Ly(1) never
settles while the sample median is stable to four decimals as the replication count grows (script
paper/wishart_experiment.py prints both). We stop short of a theorem: the proposition needs a
deterministic lower bound L7 > ng/D? on the whole small-|D| event, and what the numerics show
is that the divergence is strongly indicated rather than established. A full proof would exhibit a
regular zero of the fitness sum: an SPD matrix at which D = 0 with nonzero gradient, the portfolio
residue does not vanish, and every other recursion denominator is nonzero. The proposition then
applies on a neighborhood, where the Wishart density is positive. We have located such a zero
numerically and leave its certification to future work. None of this is Markowitz estimation risk. The
sample minimum-variance portfolio has finite mean, E[L}V] = v(2) (T —1)/(T —n) for T > n, the
known-mean estimator fJT, and Gaussian draws,? and the canonical pair recursion of Proposition 1
has no pole of this kind at all, since its augmented block satisfies A—yBD BT = (1) A+~ (A—
BD_lBT), a convex combination of positive definite matrices whenever fJT is positive definite. The
pole belongs to the collapse and the naive splits. Implementations guard against it by forcing the
augmented blocks positive definite, which truncates the tail.

Remark 7 (Toward an endpoint-exact bridge). These observations suggest a route toward a variant
with exact endpoints and without the present fitness-sum pole, to be treated in a future paper.
Damp the within-block off-diagonals with the same dial, replacing each augmented block @ by
(1 — ~)diag(Q) + 7@, and solve within blocks canonically: at v = 0 the solve degenerates to
diag(Q)~'1, HRP’s naive rule, and at v = 1 the canonical pair returns exact sample minimum
variance, with every inverted matrix a convex combination of positive definite matrices. The
recursion cannot be called pole-free until the top-level split, which must interpolate HRP’s inverse-
fitness ratio and the canonical normalization, is specified and proved to stay away from zero. That
is the future paper’s problem.

We therefore summarize the raw recursion by medians Mp(y) = med Ly (7y), which are stable.
The table reports 2 x 10° replications per sample size, the same draws shared across the coupling
grid (step 0.02), for the family (16); v* minimizes the median curve, and the last two columns
are the sample minimum-variance benchmark and the frequency of catastrophic realizations at full
coupling:

T ~° Mrp(0) Mr(y*) Mp(l) med LYV Pr[Ly(1) > 10]

15 0.62 0.804 0.777 0.800 0.883 0.018
25 0.72  0.798 0.764 0.773 0.820 0.008
50 0.84 0.795 0.753 0.755 0.778 0.002
100 0.92 0.794 0.747 0.747 0.759 0.000
250 0.96 0.793 0.744 0.744 0.748 0.000

The interior coupling of the implemented bridge has the best median at every sample size. It beats
HRP on three quarters of draws at " = 15 and on essentially all draws at T" = 250, it beats its own
full-coupling end, and it beats actual sample Markowitz, whose median is the worst column at small
T even though its mean is finite. The margins at the full-coupling end shrink below the table’s
precision at large T: M7(1) — Mp(v*) ~ 4 x 10~% at T = 100 and 5 x 107° at T = 250, consistent

Write W = TS~ V25,57 Y2 ~ Wo(T, I) and a = 721, so ||a]|> = 1/v(2). By rotational invariance take
a = ||la|| e1 and partition W with first diagonal entry g, first column tail b, and lower block C. Normalizing the first
column of W1 gives LYV /v(2) = 1 +b" C~2b. Conditionally on C, b ~ N(0,C), so Ep'C~2b| C] = tr(C~1), and
Etr(C™') = (n —1)/(T —n) for C ~ W,_1(T, I), giving (T — 1)/(T — n).
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with v* — 1. The median comparison is qualitatively consistent with [5]: sample Markowitz
overtakes HRP only as T grows. Full coupling of the implemented recursion carries the tail: 1.8%
of draws at T" = 15 land above 10, more than thirteen times the population minimum variance, and
the frequency decays to zero by T = 250. Over the five sample sizes examined the median-optimal
coupling increases with 7', from 0.62 to 0.96, and the median margin at full coupling closes, as the
small-noise theory says it should. Sample size selects the seat on the bridge.

Remark 8 (Ledoit—Wolf shrinkage of the input). A practitioner would shrink ¥ before allocating, so
it is fair to ask whether the interior optimum is an artifact of feeding the recursion a raw estimate.
For the family the question can be answered exactly. Shrinking toward pf with p = tr ¥ /4 preserves
block exchangeability, so Lemma 4 applies with a = (1 — p)a + pu/2, d = (1 — p)d + pp/2, and
Z = (1 — p)Z. Shrinkage moves the v = 1 endpoint off the population minimum-variance portfolio,
and the flatness of Lemma 2 is destroyed: at zero noise the displacement numerator at v = 1 is
—[(d—a)e+ L(a—c)+ 3(d—c)]p = —Lp for (16), giving the strictly negative bias slope

243

0y F(1;0,p) = BTy el

+ 0(p?).

The noise push and the shrinkage pull therefore compete at the same order when p = k72, which
is the Ledoit—Wolf-consistent scaling, and the stationarity condition near v =1 gives

G’(l) _ 2433 K
1—A*(1) = —2 32K 12 4 O(r)
¥(7) e )
the interior optimum survives for k£ < k* := 3%;3 G’'(1) and is lost to second order for k > xk*; at
k = k* the fourth-order term decides, as at = = 0. Here G is the 72-coefficient of (12), four times the

e-parametrized closed form (21). For the common cross-block noise of Section 5, k* = % ~ 12.9,

while the small-noise Ledoit—Wolf intensity for the same noise is kpw = || N||%/[|Z — ul]|% = % A
1.57 (the oracle small-noise intensity; the estimated intensity used in practice fluctuates around it).
Optimal shrinkage sits an order of magnitude below the threshold, so interiority survives, with the
shift coefficient scaled by 1 — kpw/k* = 0.88: Ledoit—Wolf absorbs about a tenth of the damping
the bridge wants, and the coupling supplies the rest. The recursion confirms the arithmetic: at
7 = 0.04 the measured shifts 1 —~4* are 0.0387 unshrunk and 0.0338 at k1w, and the optimum is
at the endpoint by k = k*; the finite-7 transition sits slightly below x* (near 12.1 at 7 = 0.04) and
approaches it as 7 — 0. Over-shrinkage is the caveat: at fixed p > 0 not scaling with 7, the bias
slope dominates and full coupling on the shrunk input is optimal for all small 7. This matches the
walk-forward observation at schur.microprediction.org that the empirical minimum survives
Ledoit—Wolf shrinkage of the inputs.

7 The surrogate in general

Away from solvable families one can still organize the problem through the second-order surrogate
Fy = Vo + 72G of (12).

Theorem 6 (Clipped monotone frontier, for the surrogate). Suppose Vi and G are continuous
on [0,5] and C? on (0,7), with: Vj < 0; G' > 0; V§’ > 0 and G" > 0; and at every v at
least one of V§'(y) > 0, G"(v) > 0 holds. Define t = —=V3/G" on (0,7) and its endpoint limits
to = lim, o t(y) € (0,00] and t; = lim45t(y) € [0,00). Thent is continuous and strictly decreasing,
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and for every s = 72 > 0 the surrogate Fy(-;7) has the unique minimizer

P_)/a S S tla
(s) = qt71(s), t1<s<to, (30)
O’ s> th

which is nonincreasing in s. In particular the endpoints are optimal for the surrogate on nontrivial
intervals of noise levels precisely when t1 > 0, respectively ty < co. If moreover Vo, G € C1([0,7])
with Vi (0) < 0, as holds under Assumption 1 via (12), then to = —V{(0)/G'(0), finite exactly when
G'(0) > 0. Endpoint regularity is needed for that formula: Vo(v) = Vo(0) — /7 near 0, with smooth
G, satisfies every open-interval hypothesis and forces tyg = oo regardless of G'(0). In Ezample 1,
tg = %; in the family of Section 5, to = oo and t; =0 (Corollary 1).

Proof. Strict monotonicity of ¢: on (0,%),

_VO// G + VOI G
(COLNN

t =

where the first numerator term is < 0 (since Vi’ > 0, G’ > 0) and the second is < 0 (since Vj < 0,
G" > 0); at each v at least one is strictly negative by hypothesis, so ' < 0 pointwise, and ¢ is a
continuous strictly decreasing bijection from (0,7) onto (t1,%p). Sign analysis of Fy = Vj + s G":
since G’ > 0, Fi(y) < 0 <= s < t(y). If t; < s <ty then F, < 0 on (0,t7%(s)) and F} > 0 on
(t71(s),7), so t~1(s) is the unique minimizer. If s < t; then s < t() for every interior v, so Fj < 0
throughout and the minimum sits at 7; if s > ¢y then Fj > 0 throughout and the minimum sits
at 0. Monotonicity of (30) in s follows from the monotonicity of t~! and the ordering of the three
regimes. [

Proposition 4 (Local transfer to the exact objective). Fix 7 and let I C [0,7] be an interval
containing 3 (72) on which F§ > ¢ >0 and |F — Fy| < K74, If v minimizes F over I, then

e =3l < 2/ K/eT?.

No claim is made beyond I: uniqueness, global optimality, and the monotonicity of Theorem 6 are
statements about the surrogate.

Proof. Strong convexity of I, on the interval I gives, for the minimizer 73 of Fy, §(yr — 5)? <
Fy(vr) — F2(73). Replace Fy by F twice, paying K7* each time: Fy(vr) — Fa(73) < F(yr) —
F(v3) + 2K7%. Finally F(yr) — F(74) < 0 because v minimizes F over I and 4 € I. Combine
and solve for |yp — 73] O

Remark 9 (The same dial in meteorology). The trade-off studied here is not particular to finance.
The damped Schur complement (1) coincides, term for term, with the reliability shrinkage that
keeps Gaussian (Vecchia) pseudo-likelihoods of high-dimensional weather fields estimable when
stations outnumber observations [8]. In that language Vj is the loss of a spatial model that trusts
its estimated conditional structure, and the clipped frontier of Theorem 6 says how much conditional
structure to trust at a given sampling depth. The scale 7 is estimation error, not depth itself; 72 is
proportional to inverse effective sampling depth, as in the 7 =< T-1/2 correspondence of Remark 2.
The spatial literature also fits the damping intensity from data, which supplies a practical estimate
of the noise level s = 72 at which to read (30); the correspondence and a comparison of recipes are
developed in [8].
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8 A one-entry example

The solved family relies on the exchangeability of common cross-block noise. The next example
removes that symmetry: the noise sits in a single covariance entry, and the endpoint comparisons
are certified exactly.

Example 2 (An interior minimizer, exactly, without common-noise symmetry). Take the covari-
ance (16) and let the estimate err in the (1,3) entry only, by iz% -2 with probability % each. Then,
in exact rational arithmetic,

F() < F(0) (margin 4.879 x 1072),  F(&) < F(1) (margin 5.702 x 107%),

so every minimizer of F on [0,1] is strictly interior. Both inequalities are strict, and the certi-
fied denominator bounds hold uniformly on [0,1] and vary continuously with the covariance and
noise parameters, so the same conclusion holds on an open meighborhood of these parameters: the
phenomenon is robust, not a knife-edge rational coincidence. This is also the minimal non-trivial
configuration: because nodes with a singleton child perform no augmentation, n < 3 admits no
~v-dependence at all, and n = 4 in two blocks of two is the smallest universe on which the bridge
exists.

Proof. F(0), F (%), F(1) are exact rational numbers, each a finite composition of field operations
(4) on rational inputs, and the two inequalities are verified in exact fraction arithmetic by the
certificate script. Three values settle the whole interval as follows. Every denominator arising
in the recursion is a polynomial in v with rational coefficients; the script certifies each strictly
positive on [0, 1], on both noise branches, by exhibiting positive Bernstein coefficients (with exact
subdivision where needed). Hence F' is continuous on [0, 1] and attains its minimum, and min F' <
F({5) < min{F(0), F(1)}, so no minimizer is an endpoint. The certified polynomials include
the determinant numerators of the augmented blocks, and for a symmetric 2 x 2 block positive
diagonal entries together with a positive determinant give positive definiteness, so the augmented
blocks are SPD for every . Robustness: the certificate proves more than positivity at three
points. Each denominator polynomial is strictly positive on all of [0, 1], so its minimum over [0, 1]
is positive. The coefficients of these polynomials are rational functions of the covariance entries
and the noise amplitude, with child-block determinants in the denominator, since (4) contains the
child-block inverses. Those determinants are nonzero at the stated matrices, so the coefficients vary
continuously near them. The minimum of a polynomial over a compact interval is a continuous
function of its coefficients, so every denominator stays uniformly positive on an open neighborhood
of the stated parameters. On that neighborhood F' remains continuous on all of [0, 1] and attains
its minimum, the three values F(0), F' (1%), F(1) vary continuously, and both strict inequalities
persist: every minimizer stays interior. [

Remark 10 (A structural cancellation, special to these families). In both noise models on the covari-
ance (16) (the common cross-correlation noise of Section 5 and the one-entry noise of Example 2),
the boundary derivative does not move with the noise: exact jet evaluation gives

O,F(0;7) = V(0) = —% exactly, at 7 € {%, 2—30, %},

in both models. Finitely many evaluations suffice because the quantity is affine in 72: at v = 0 the
first y-variation of each augmented block is quadratic in B=B+ TE, by (8), the first variation of
the weights is linear in the block variations, and symmetric averaging removes the term odd in 7.
Equality with V{(0) at 7 = 0 and at any one listed 7 therefore forces the 72 coefficient to vanish.
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In the notation of (12), G’(0) = 0 for these families; for the solved family this is also visible in (21),
where G(7) oc v2(16+ 1) vanishes quadratically. That is a cancellation particular to these families,
not a general fact: Example 1 has G'(0) = 1—29 > 0. It explains why numerical experiments on

these families alone can suggest, wrongly, that the noise cost is O(y%72) in general.

Remark 11 (Sign, boundedness, and shorting). The sign of F' — Vj is not fixed: symmetric noise
can reduce expected out-of-sample variance slightly at moderate . Nor does the noise cost blow
up while Assumption 1 holds: the weights are a continuous function on the compact set K, hence
bounded, say ||w|| < L, and w'YLw < Apax(X)L2. A tempting sharper bound fails. The weights
sum to one but are not always long-only, so w' Lw < Apax(X) is not available. The solved family
makes this exact: at e = ¢ on the upper noise branch, v = 1 gives the group weight x;(2¢) = % and
asset weights (%, %, —%, —%). The estimated covariance there is still positive definite; shorting the
volatile block is simply what minimum variance does once the estimated cross covariance exceeds
the smaller block variance. What breaks at large noise is also worth stating precisely. The allocation
is a rational function of its inputs and becomes undefined only where a denominator vanishes, as
at the point 7z = a of Lemma 3. Leaving the positive-definite cone does not by itself undefine the
recursion; it removes the variance interpretation of the fitness, and implementations must repair or

refuse.

9 Closing

Under estimation error the Schur coupling is a bias—variance dial, and the four layers say when to
turn it. Whenever coupling has first-order population value, the optimum stays uniformly separated
from hierarchical risk parity at all sufficiently small noise levels (Theorem 1), and the noise prices
coupling at order y72 (Theorem 2). At an exact minimum-variance endpoint, positive marginal
noise sensitivity pushes the optimum inside by order 72 (Theorem 3). And in the solved family
the exact optimizer is unique, interior, and slides monotonically from full coupling at zero noise to
the middle of the bridge at the largest noise the theorem covers (Theorem 4). Dropping the cross-
block restriction does not change the verdict: when nonzero, the sign of = gives the second-order
direction in which the optimizer leaves full coupling under whole-matrix noise, and in the sample-
covariance experiments the median-optimal coupling increases with sample size (Section 6). The
exact examples mark what cannot be claimed in general: hierarchical risk parity can become locally
optimal at a finite noise level (Example 1), full coupling can stay locally optimal when the noise sits
on a single diagonal channel (Remark 6), and the surrogate frontier is a clipped inverse, with each
endpoint owning an interval of noise levels unless its limit condition holds (Theorem 6). A walk-
forward bridge on Dow constituents is interactive at schur.microprediction.org; its minimum
sits near v ~ 0.55 and survives Ledoit—Wolf shrinkage of the inputs. Every theorem in this paper
has a live check at schur.microprediction.org/min-var-demos.html, computed from the same
recursion. Neither school dominates the other. Each may own an interval of noise levels, and in
the second-order surrogate the border between them is drawn at 72 = =V (7)/G' (7).
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